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a b s t r a c t 

In this paper, we investigate the electric discharge of electrocytes by extending our previous work on 

the generation of electric potential. We first give a complete formulation of a single cell unit consisting 

of an electrocyte and a resistor, based on a Poisson-Nernst-Planck (PNP) system with various membrane 

currents as interfacial conditions for the electrocyte and a Maxwell’s model for the resistor. Our previous 

work can be treated as a special case with an infinite resistor (or open circuit). Using asymptotic anal- 

ysis, we simplify our PNP system and reduce it to an ordinary differential equation (ODE) based model. 

Unlike the case of an infinite resistor, our numerical simulations of the new model reveal several distinct 

features. A finite current is generated, which leads to non-constant electric potentials in the bulk of intra- 

cellular and extracellular regions. Furthermore, the current induces an additional action potential (AP) at 

the non-innervated membrane, contrary to the case of an open circuit where an AP is generated only at 

the innervated membrane. The voltage drop inside the electrocyte is caused by an internal resistance due 

to mobile ions. We show that our single cell model can be used as the basis for a system with stacked 

electrocytes and the total current during the discharge of an electric eel can be estimated by using our 

model. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Electric eels ( Electrophorus electricus ) have fascinated both sci-

ntists and the public for centuries ( Carlson, 2015; Moller, 1995;

ampenot, 2016 ). They are well-known for using electricity in var-

ous remarkable ways to track and immobilize prey and defend

hemselves from predators ( Bauer, 1979; Westby, 1988; Nelson

t al., 2016 ). The written account of their special capability dated

ack to 1500s even before the knowledge of electricity, and its con-

ection with electricity was hypothesized in the 1700s ( Finger and

iccolino, 2011 ). They also played a crucial role in the discovery of

lectricity in the nervous system and muscles ( Finger and Piccol-

no, 2011; Campenot, 2016 ). 

Since the 1950s, there have been a number of experiments on

lectric eels to investigate the electrogenic mechanisms and the

unctions of electric discharge ( Keynes and Martins-Ferreira, 1953;

aciver et al., 2001; Markham, 2013; Lissmann, 1958 ), and partic-

larly there has been a resurgent of interest in the last decade mo-
∗ Corresponding author. 

E-mail addresses: hhuang@uic.edu.hk , hhuang@yorku.ca (H. Huang). 

b  

c  

a  

ttps://doi.org/10.1016/j.jtbi.2020.110294 
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ivated by a series of excellent experiments conducted by Catania

2014, 2015a, 2015b, 2017a) . Eels can produce both low intensity

nd high intensity electric fields for tracking and attacking the

rey to active sensing and communication ( Carlson, 2015; Catania,

015b ). It is reported ( Brown, 1950; Coates, 1950; Catania, 2017a )

hat large eels can produce electric fields with magnitude up to

00 V, and when in contact with the prey, an external current as

igh as 1 A can be generated, which is lethal to many animals.

atania (2014, 2015c) showed that eels can immobilize a prey or

etect its location over a certain distance, by activating prey motor

eurons with distinct types of discharges. To model the defensive

eaping behaviour, an equivalent circuit ( Catania, 2017a; 2017b ),

as proposed. It shows that a high voltage is generated when the

el is connected to an insulator and an electric discharge with high

urrent develops when the eel makes a contact with a conduc-

or ( Catania, 2016 ). 

The electric discharge is generated by an identifiable electric

rgan ( Markham, 2013 ), which makes up about 80% of the eel’s

ody and consists of thousands of electrocytes. Stacked electro-

ytes behave like stacked mini batteries to produce the high volt-

ge ( Gotter et al., 1998; Mauro, 1969 ). The electrogenic mechanism
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of each electrocyte is closely related to ion transport across the

membrane and the firing of action potentials (APs) ( Keynes and

Martins-Ferreira, 1953; Gotter et al., 1998; Dunlap et al., 1997 ).

The electrocyte has cell polarity and possesses two primary mem-

branes, innervated and non-innervated membranes, where various

types of ion channels, receptors and pumps abound and allow ionic

currents through them ( Xu and Lavan, 2008; Sheridan and Lester,

1977; Noda et al., 1984 ). The firing of APs at innervated membrane

is similar to that in the nerve cells, and results in the transcellular

potential difference ( ~ 0.15 V). 

Electrocytes can be thought of as many electric cells in se-

ries consisting of capacitor (innervated and non-innervated mem-

branes) and conductor (electrolyte) in series. It can store elec-

tric charges and discharge electric current. The energy is trans-

ported from bioenergy to electric energy when charging (polariz-

ing) through pumps and active transporters on membranes, which

uses ATP to build up and maintain concentration gradient of ions

across membrane. The mechanism of electrocytes has inspired

many applications in other scientific fields, particularly it has been

mimicked to design and manufacture artificial batteries. It has

been exploited to design promising power source for medical de-

vices by using synthetic cells ( Xu and Lavan, 2008; Humayun et al.,

2003 ). The mechanism has also been mimicked by using stacked

hydrogels ( Schroeder et al., 2017 ) to generate biocompatible elec-

tric power source for implant materials. Another study ( Sun et al.,

2016 ) shows that a stretchy fibre that mimics electric eels could

power wearable electronic devices, where alternating segments of

conductive carbon nanotubes and insulating elastic rubbers coated

with electrolyte gel are used. 

For an electrocyte, ODE (membrane) models are often utilized

to study membrane excitability and high voltage generation ( Xu

and Lavan, 2008; Gotter et al., 1998 ). The ionic currents through

membranes are often described by distinct models for various ion

channels and receptors, including the celebrated Hodgkin-Huxley

(HH) model ( Hodgkin and Huxley, 1990 ). The HH model was first

utilized to study APs in squid giant axon ( Hodgkin and Hux-

ley, 1952 ), and hence could be extended to study the innervated

membrane of electrocyte. Xu and Lavan (2008) have proposed a

membrane model by taking into account both innervated and non-

innervated membranes, and a superposition of the two membrane

potentials leads to the final transcellular potential difference. In

these membrane models, ionic concentrations and electric poten-

tial are assumed to be constants in the extracellular (EC) and intra-

cellular (IC) regions, and the boundary layer (BL) or electric double

layer is neglected. 

Our previous work ( Cao et al., 2019 ) applied the Poisson-

Nernst-Planck (PNP) formulation to an electrocyte with various

membrane currents as interfacial conditions at the membranes, fo-

cusing on the mechanism of voltage generation. The membrane

model ( Xu and Lavan, 2008 ) can be derived from the PNP for-

mulation as a leading-order approximation by asymptotic analysis.

The PNP system has found great success in modeling ion trans-

port in cells and ion channels ( Rubinstein, 1990; Mori et al., 2011;

Liu, 2009; Liu and Eisenberg, 2014; Schmuck and Bazant, 2015;

Pods, 2017 ), as well as AP propagation in axons ( Pods et al., 2013;

Song et al., 2018a ). We did not consider the scenario when the

electric eel and the prey form a closed electric circuit, where the

eel functions as a battery and the prey is interpreted as a resis-

tor. The complication lies in the transient nature of the system,

when the current goes through the electrocyte and the resistor. As

stated in the Maxwell’s equations Jackson (1999) , the total current

( Eisenberg et al., 2017; 2018 ) consists of both current induced by

the ions and the time variation of electric field, i.e., ε∂ t E . This in-

duced current ε∂ t E becomes important when complicated forms

of current appear in the circuit, and ensures that the total current

is conserved in a closed circuit. This term has also found impor-
ance in electronic circuits of computers ( Horowitz and Hill, 2015;

isenberg et al., 2017 ), related to stay capacitance. 

It is desirable to investigate the discharge of electric eels

hrough a PDE model (here called PNP+resistor model), which we

elieve is a more fundamental formulation than the ODE (mem-

rane) model. In the PDE approach, the spacial information is not

eglected. First, there is cell polarity for the electrocyte where

umps, channels and transporters are not homogeneously dis-

ributed on the membranes, so one needs to treat the innervated

nd non-innervated membranes separately. Second, this work con-

iders a series of stacked electrocytes, and one needs to upscale

he model for one electrocyte structure to a macroscopic model.

hird, it is essential to capture the spacial variation of electric po-

ential in IC and EC spaces and the BLs near the membranes and

he junction of electrocyte and resistor. It allows us to identify the

nduced current due to the transient nature of the electric fields,

 combination of spatial-temporal effects. Another benefit of PDE

odel is that the total current in the system can be naturally de-

ned and preserved for the whole system. 

In this paper, we study electric discharge of electrocytes by ex-

ending our previous work on open circuit (electrocyte+infinite re-

istor) to the case of closed circuit (electrocyte+finite resistor). We

rst give a complete formulation for a single cell unit consisting of

he electrocyte and resistor, where PNP system is combined with

arious membrane currents and a model for the resistor. The total

urrent for the system is suitably defined, which includes the ε∂ t E
erm and is conserved in the system. With the definition of to-

al current, it is natural to recover the classical membrane models

or membrane potentials in general cases. A boundary layer (BL) is

resent at the junction of electrocyte and resistor, since the cur-

ent transit from one form to the other. Using asymptotic analy-

is, we derive a membrane (ODE) model for the closed circuit. Nu-

erical simulations are carried out to make comparison between

NP and membrane models and to capture distinct features of the

losed circuit. Finite current is observed in the closed circuit, and

Ls near membrane and the junctions are confirmed. Unlike the

pen circuit case, the finite current leads to non-constant elec-

ric potential in the intracellular (IC) and extracellular (EC) spaces,

nd it induces an AP at the non-innervated membrane. The volt-

ge drop in bulk of electrocyte is due to the internal resistance,

eflected by the equivalent conductance/resistance defined by con-

entrations. We also show how total current of an electric eel can

e estimated by using our single cell model, which is consistent to

he values from experiments reported in the literature. 

The manuscript is arranged as follows. Section 2 presents the

PNP+ resistor” model for a mini structure of electrocyte and re-

istor, with the total current suitably defined. Asymptotic analysis

s performed in Section 3 , to analyze the basic features and to de-

ive an ODE model for the closed circuit. Section 4 is devoted to

he numerical simulations of the PNP and ODE models, where the

eatures including BLs are confirmed and the total current is esti-

ated. Finally, concluding remarks are provided in Section 5 . 

. Problem formulation 

The electric organ of an electric eel consists of thousands of

lectrocytes, each functions as a mini battery. When the eel at-

acks a prey, there are two possibilities. In the first scenario, be-

ore the contact is made with the prey, each electrocyte is fired

imultaneously and a significant electric potential can be built up

n the organ scale by adding the potential difference from each

ell, which is the subject of our previous paper Cao et al. (2019) .

n the second scenario, the contact is made with the prey when

he electrocytes are activated. In this case, we need to include the

rey in our model. Fig. 1 (a) illustrates the two-dimensional view of

tacked electrocytes in electric organ and the one-dimensional (1D)
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Fig. 1. Sketch of electric circuits for electric discharge of eels (a) stacked electrocytes from electric organ and the external resistor (i.e., the prey), (b) mini closed circuit with 

one electrocyte and mini resistor, where EC and IC stand for extracellular and intracellular respectively. 
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a  
lectric circuit where the electric organ plays the role of battery

nd the prey is an equivalent external resistor (see also Keynes and

artins-Ferreira (1953) ; Gotter et al. (1998) ). A mini-circuit model

s first considered as shown in 1 (b), which consists of one electro-

yte and one external mini-resistor. After the analysis and justifica-

ion of the mini-circuit model by PNP model, we will provide the

onnection to the macroscopic circuit model by approximately the

uperposition principle. 

.1. A mini closed circuit 

We consider a small scale 1D closed circuit, which consists of

 unit structure of electrocyte (like a battery) and a mini-resistor,

s shown in Fig. 1 (b). The interior of the electrocyte is separated

rom the EC spaces by two membranes, acting as capacitors. The

C space of the electrocyte is connected to a mini-resistor (part

f prey). In a real battery-resistor circuit, the electric potential ( V )

f the battery drives a current ( I ) through the resistor ( R ), and we

ave the Ohm’s law V = IR . In the case of an electrocyte, the situ-

tion is more complicated. First of all, the electric potential needs

o be generated when the ion channels on the membranes are ac-

ivated. In general, it can be described using the following dynamic

quation (e.g., Hodgkin-Huxley model) 

 m 

dV a m 

dt 
+ I channel = I ∗, (1) 

here C m 

is the membrane capacitance, V a m 

is the membrane po-

ential at membrane a (intracelluar potential minus extracellular

otential), I denotes various current through ion channels on
channel 
embrane, and I ∗ is the total current in the circuit. A similar equa-

ion applies to membrane potential V b m 

at membrane b . Roughly

peaking, the superposition of the two membrane potential pro-

ides the total voltage V and the total current is the same I ∗ = I

n an electric circuit. More accurately for the resistor, according to

he Maxwell equation ( Eisenberg et al., 2018 ), the total current I ∗

onsists of two components: I and ε∂ t E (induced current) where E

s electric field. When the total current passes through the closed

ircuit, we must have 

 

a 
m 

− V 

b 
m 

= V. (2) 

In the following, we wish to address a few questions. The

ain question is whether this is a consistent model. One aspect is

hether the model is consistent with a more detailed PNP+resistor

odel (considered as a more fundamental model) and retains

ll the essential features through reduction. The other aspect is

hether the model prediction is consistent with experimental ob-

ervations. A related issue is how to compute V ma , V mb and I ∗. The

nal question is how to validate our one electrocyte mini-circuit

odel with experimental observations such as voltage and cur-

ent coming from a system with many electrocytes, i.e., to derive a

acroscopic circuit model. 

.2. PNP+resistor model 

As in Figs. 1 and 2 , we treat the unit structure of electrocyte as

 1D structure. The electrocyte consists of IC and EC spaces, sep-

rated by two primary membranes, one innervated at x = a and
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Fig. 2. The 1D setup for the PNP+resistor model. 
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the other non-innervated at x = b. Various transmembrane pro-

teins, such as channels and pumps, are asymmetrically distributed

across the two membranes, which allow ionic currents through the

membranes. Three major ions (called bio-ions) Na + , K 

+ and Cl −

are considered, as they are the most relevant in the setting of elec-

tric discharge by electrocytes. 

Poisson-Nernst-Planck (PNP) system is widely accepted to de-

scribe the ion transport in cells, and it has been proved to be ac-

curate for dilute ionic solutions ( Kilic et al., 20 07a; 20 07b; Song

et al., 2019 ). For electrocytes, all the ionic concentrations in EC

and IC spaces are at most at the scale of 100 mM (see Eq. (12) ),

which is roughly O (10 −3 ) of maximum ionic concentrations deter-

mined by ionic radius ( Song et al., 2019 ), so they can be treated

as dilute ionic solutions. Therefore, the transport of the three ma-

jor ions in the EC and IC spaces are modelled by the PNP sys-

tem. Ionic currents through the membranes are described by vari-

ous empirical or experimental models, depending on the types of

transmembrane proteins involved. A general model for the resistor

based on Maxwell’s equation are adopted, and suitable connection

conditions are proposed at junctions to form an electric circuit. 

Let c i ( i = 1 , 2 , 3 ) be the concentrations of Na + , K 

+ and Cl −,

with valences z 1 = z 2 = 1 , z 3 = −1 . The PNP equations for the elec-

tric potential ψ and concentrations c i are ( Rubinstein, 1990; Song

et al., 2018b ) 

−ε0 εr ∂ xx ψ = e 0 N A 

( ∑ 

i 

z i c i + q 

) 

, x ∈ (0 , a ) ∪ (a, b) ∪ (b, L ) , 

∂ t c i = −∂ x J i , J i = −D i 

(
∂ x c i + 

z i e 0 
k B T 

c i ∂ x ψ 

)
, i = 1 , 2 , 3 , (3)

where q is the fixed permanent charge which is nonzero in the IC

space ( a, b ), L is the typical length of electrocyte, J i are the ionic

fluxes consisting of two parts due to the ionic concentration gradi-

ent and the electric field, and D i are the diffusion constants. Other

parameters (see Appendix C ) include vacuum permittivity ε0 , rel-

ative permittivity εr , elementary charge e 0 , Avogadro constant N A ,

Boltzmann constant k B , and absolute temperature T . 

Various currents can go through the two membranes ( Hille

et al., 2001; Hodgkin and Huxley, 1990; Xu and Lavan, 2008; Cao

et al., 2019; Adams, 1981; Bezanilla, 2007 ). On the innervated

membrane at x = a, there are voltage-gated channels, inward rec-

tifier K 

+ (Kir) channels, and acetylcholine receptors (AChRs). The

currents I VG 
i 

( i = 1 , 2 , 3 ) through voltage-gated channels involve the

gating variables, whose dynamics depends on the membrane po-

tential V a m 

. They are mainly responsible for the generation of AP.

The Kir channels provide additional current for K 

+ , denoted by I Kir 
2 

.

The receptors will be open based on a chemical binding process,

and provide the stimulus currents I R 
i 

( i = 1 , 2 ) that are necessary to

disturb the equilibrium state and trigger AP. On the non-innervated

membrane at x = b, there are both channels (not voltage-gated)

and pumps, with currents I b 
i 

and I 
pump 
i 

(i = 1,2,3). The pumps are

responsible to maintain and recover the equilibrium state for con-

centrations and electric potential. The general forms of the formu-

las of various currents have been discussed in a previous work
ao et al. (2019) , and are not repeated here. Specific models for

hese currents are adopted in this paper and given in Appendix A . 

These currents across the two membranes provide the flux con-

itions at x = a, b for the PNP system 

z 1 e 0 N A J 1 = I VG 
1 + I R 1 , at x = a, 

z 2 e 0 N A J 2 = I VG 
2 + I R 1 + I Kir 

2 , at x = a, 

z 3 e 0 N A J 3 = I VG 
3 , at x = a, 

z i e 0 N A J i = I b i + I pump 
i 

, i = 1 , 2 , 3 at x = b. (4)

e assume that the electric field is constant in the membranes,

hich was also used to derive the Goldman-Hodgkin-Katz (GHK)

odel in the literature Hille et al. (2001) . Then, by continuity of

lectric field, the interface conditions for ψ are 

r ∂ x ψ(a, t) = εm 

r 

ψ 

a 
+ − ψ 

a 
−

h m 

, εr ∂ x ψ(b, t) = εm 

r 

ψ 

b 
+ − ψ 

b 
−

h m 

, (5)

here h m 

is the thickness of the membrane and εm 

r is the relative

ermittivity of membrane. Hereafter, superscripts a, b denote the

embranes at x = a, b, and subscripts ± denote the right and

eft limits of quantities on the membrane. 

The electrocyte is connected to a resistor to form a circuit. Since

he time scale is quite small, we use the Maxwell’s equations to

odel the total current I r in the resistor ( Eisenberg et al., 2018 ) 

 x I r = 0 , I r = J r + ε0 ∂ t E , E (x, t) = −∂ x ψ, (6)

here J r includes all fluxes of charge with mass, including the di-

lectric properties of matter. Suppose the resistor has a conductiv-

ty σ and a dielectric constant ε∗
r (to distinguish with εr in PNP

ystem), then we have 

 r = σE + (ε∗
r − 1) ε0 ∂ t E. (7)

By (6) and (7) , we get 

 x I r = 0 , I r = σE + ε0 ε
∗
r ∂ t E , E (x, t) = −∂ x ψ, L < x < L + L r , 

(8)

here the effective length of the small-scale resistor is denoted by

 r . 

At the junction x = L, the electric potential and the total current

re continuous 

(L + , t) = ψ(L −, t) , I r (L + , t) = I pnp (L −, t) , (9)

here the total current I pnp in the PNP system will be defined in

ection 2.4 (see (28) ). For a closed circuit, the point x = L r + L is

onnected to the point x = 0 . At the two ends x = 0 , L + L r , without

oss of generality, we set 

(0 , t) = ψ(L + L r , t) = 0 , (10)

ince in a circuit one point for the electric potential has to be fixed

o ensure a unique solution of ψ . As a consequence of (9) 2 , it will

e proved later that the total current is automatically continuous

t x = 0 . Since the ions only appear in the electrocyte (0 < x < L )

nd can not penetrate into the resistor, the boundary conditions

or c i are 

 i = 0 , i = 1 , 2 , 3 , at x = 0 , L. (11)

For initial conditions, we adopt the typical bulk concentrations

 Gotter et al., 1998 ), 

 1 (x, 0) = 160 mM , c 2 (x, 0) = 2 . 5 mM , 

 3 (x, 0) = 162 . 5 mM , for 0 < x < a and b < x < L, 

 1 (x, 0) = 8 . 928 mM , c 2 (x, 0) = 72 . 048 mM , 

 3 (x, 0) = 9 . 328 mM , for a < x < b. (12)
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ogether with q = −71 . 648 mM in a < x < b , the above initial val-

es satisfy the electro-neutrality condition. The initial condition for

 is 

(x, 0) = 0 , x ∈ (0 , 1 + L r ) . (13)

he above initial conditions are only used to generate the resting

tate for the electric potential and the concentrations before simu-

ating the electric discharge. 

.3. Non-dimensionalisation 

In this subsection, we present the dimensionless system, which

ill be the starting point for analysis and simulations in later sec-

ions. We adopt the scalings 

˜ ψ = 

ψ 

k B T /e 0 
, ˜ c i = 

c i 
c 0 

, ˜ q = 

q 

c 0 
, ˜ D i = 

D i 

D 0 

, ˜ t = 

t 

L 2 /D 0 

, 

˜ x = 

x 

L 
, ˜ h m 

= 

h m 

L 
, ˜ a = 

a 

L 
, ˜ b = 

b 

L 
, ˜ L r = 

L r 

L 
, ˜ J i = 

J i 
D 0 c 0 /L 

, 

˜ ∗r = 

ε∗
r 

εr 
, ˜ I r = 

I r 

I 0 
, ˜ σ = 

σ

σ0 

, (14) 

here 

 0 = 

D 0 c 0 e 0 N A 

L 
, σ0 = 

D 0 c 0 e 
2 
0 N A 

k B T 
. (15)

All the currents on the right-hand side of (4) are also scaled by

 0 . The associated conductances and permeabilities in the formulas

f currents (see Appendix A ) are scaled by 

 0 = 

c 0 D 0 e 
2 
0 N A 

k B T L 
, P 0 = 

D 0 

L 
. (16)

he typical values are given in Appendix C . 

In the following the tilde will be dropped and the same no-

ations will be used to denote the dimensionless quantities. The

imensionless equations are given by 

ε2 ∂ xx ψ = 

3 ∑ 

k =1 

z k c k + q, x ∈ (0 , a ) ∪ (a, b) ∪ (b, 1) , 

∂ t c i = −∂ x J i = D i ∂ x ( ∂ x c i + z i c i ∂ x ψ ) , 

x ∈ (0 , a ) ∪ (a, b) ∪ (b, 1) , 

∂ x I r = −∂ x (σ∂ x ψ + ε2 ε∗
r ∂ tx ψ) = 0 , x ∈ (1 , 1 + L r ) , (17) 

here i = 1 , 2 , 3 , q = −0 . 4478 in the IC space ( a, b ), and q = 0 in

ther intervals. The parameter σ is the dimensionless conductance

f the external resistor, and σ ∈ [0, 5] is adopted in the simulations

f this work, where σ = 0 represents an insulator. The small di-

ensionless parameters ε in (17) and εm 

in the following (20) are

efined by 

= 

√ 

ε0 εr k B T 

e 2 
0 
N A c 0 L 2 

≈ 8 . 4 × 10 

−6 , εm 

= 

√ 

ε0 εm 
r k B T 

e 2 
0 
N A c 0 L 2 

≈ 1 . 3 × 10 

−6 . 

(18) 

t the membranes, the flux conditions are 

z 1 J 1 = I VG 
1 + I R 1 , at x = a, 

z 2 J 2 = I VG 
2 + I R 2 + I Kir 

2 , at x = a, 

z 3 J 3 = I VG 
3 , at x = a, 

z i J i = I b i + I pump 
i 

, i = 1 , 2 , 3 , at x = b. (19) 

ll the dimensionless formulas for above currents are given in

ppendix A and all other dimensionless values in this subsection

re given in Appendix C . The interface conditions for ψ at two
embranes become 

2 ∂ x ψ(a, t) = 

ε2 
m 

h m 

(ψ 

a 
+ − ψ 

a 
−) , ε2 ∂ x ψ(b, t) = 

ε2 
m 

h m 

(ψ 

b 
+ − ψ 

b 
−) . 

(20) 

ith the definitions for dimensionless membrane potentials and

embrane capacitance C m 

(scaled by e 2 
0 
N A c 0 L/k B T ) 

 

a 
m 

= ψ 

a 
+ − ψ 

a 
−, V 

b 
m 

= ψ 

b 
− − ψ 

b 
+ , C m 

= 

ε2 
m 

h m 

≈ 4 . 5 × 10 

−8 , (21)

he two conditions in (20) can be written as 

2 ∂ x ψ(a, t) = C m 

V 

a 
m 

, ε2 ∂ x ψ(b, t) = −C m 

V 

b 
m 

. (22)

At the junction x = 1 of electrocyte and resistor, the continuity

onditions are 

(1+ , t) = ψ(1 −, t) , I r (1+ , t) = I pnp (1 −, t) , (23)

here I pnp is defined in (28) and an explicit form for the second

ondition is given by (32) . The boundary conditions for ψ are 

(0 , t) = ψ(1 + L r , t) = 0 . (24)

he boundary conditions for c i are 

 i (x, t) = 0 , i = 1 , 2 , 3 , at x = 0 , 1 . (25)

The dimensionless initial conditions at t = 0 are given by 

 1 (x, 0) = 1 , c 2 (x, 0) = 0 . 0156 , c 3 (x, 0) = 1 . 0156 , 

x ∈ (0 , a ) ∪ (b, 1) , 

 1 (x, 0) = 0 . 0558 , c 2 (x, 0) = 0 . 4503 , c 3 (x, 0) = 0 . 0583 , 

x ∈ (a, b) , (26) 

nd 

(x, 0) = 0 , x ∈ (0 , 1 + L r ) . (27)

.4. The total current 

We define the total current for PNP system in the electrocyte as

 pnp = ε2 ∂ t E + 

3 ∑ 

i =1 

z i J i = −ε2 ∂ tx ψ −
3 ∑ 

i =1 

z i D i (∂ x c i + z i c i ∂ x ψ) , (28)

hich consists of the ionic fluxes and the induced current due

o change of electric field (similar to the Maxwell’s model for re-

istor). Taking the time derivative of (17) 1 and utilizing (17) 2 , we

et 

ε2 ∂ txx ψ = 

3 ∑ 

i =1 

z i D i ∂ x (∂ x c i + z i c i ∂ x ψ) , 

⇔ ∂ x I pnp = 0 , x ∈ (0 , a ) ∪ (a, b) ∪ (b, 1) . (29) 

his implies that the total current I pnp in the PNP system is a con-

tant in space (i.e., IC and EC spaces) or is a function of time only.

ince all fluxes J i ( i = 1 , 2 , 3 ) and the electric field E = −∂ x ψ are

ontinuous at membranes x = a, b, so is the total current I pnp by

28) . Then, by (29) , the total current is uniform in the electrocyte

 pnp (x, t) = I ∗(t) , 0 < x < 1 . (30)

By (17) 3 the total current I r in the resistor is a constant in space.

ince the total current is continuous at the junction x = 1 between

he electrocyte and the resistor, the total current for the whole sys-

em is spatially uniform 

 pnp (x, t) = I r (x, t) = I ∗(t) , 0 ≤ x ≤ 1 + L r . (31)

his is expected in a closed circuit, and justifies the above defini-

ion of I pnp . As in Maxwell’s model for resistor, the induced current
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ε2 ∂ t E is important and should be retained in the definition of the

total current for the PNP system. Eq. (31) implies that the continu-

ity of the total current at x = 0 (or x = 1 + L r ) automatically holds. 

With the definition in (28) and zero flux conditions in (25) , the

continuity of the total current in (23) 2 is explicitly given by 

ε2 ∂ tx ψ(1 −, t) = ε2 ε∗
r ∂ tx ψ(1+ , t) + σ∂ x ψ(1+ , t) . (32)

As there is no ionic flux to the resistor, the nonzero total current

I ∗( t ) is passed from the electrocyte to the resistor through the term

ε2 ∂ tx ψ in I pnp at x = 1 . This indicates a possible BL near x = 1 ,

where ∂ x ψ is large. 

Suppose I ∗( t ) is a given parameter or function, the Eq. (17) in

the resistor becomes 

I r (x, t) = σE + ε2 εr ∂ t E = I ∗(t) , 1 < x < 1 + L r . (33)

where E = −∂ x ψ . Then, with the conditions 

E(x, 0) = 0 , 1 < x < 1 + L r 

ψ(1 + L r , t) = 0 , t > 0 , (34)

we get the solutions for the resistor system 

E(x, t) = E ∗(t) = 

∫ t 

0 

I ∗(s ) 

ε2 εr 
e σ (s −t) / ε2 εr ds, 

ψ(x, t) = E ∗(t)(1 + L r − x ) . (35)

Depending on the relative scale of σ and ε, approximation of the

above integral or Eq. (33) is possible. The continuity of ψ at x = 1

then provides 

ψ(1 , t) = E ∗(t) L r . (36)

The above condition can be considered as an effective boundary

condition for the PNP system to replace the resistor. In general, this

condition depends on history of the total current I ∗( t ), which is

related with the PNP system. 

3. Asymptotic analysis and ODE model 

Two dimensionless parameters ε and σ play important roles in

the previous formulation. It is well known that there are BLs and

accumulation of ions on the two sides of membranes at x = a, b,

due to the small parameter ε. Depending on the scale of σ , there

could also be BLs at the junctions x = 0 , 1 due to the change of

forms of currents from the electrocyte to the resistor. In this sec-

tion, asymptotic analysis is conducted to derive a leading order

ODE model from the PNP+resistor model. 

There have been a number of BL analyses near membranes for

the PNP system (see Song et al. (2018b) ; Cao et al. (2019) , which

show BLs of thickness O ( ε) on two sides of membranes under nor-

mal physiological conditions. Hereafter, we use “bulk” to mean the

bulk/inner region away from the BLs near membranes or the junc-

tions between electrocyte and resistor. In bulk regions, all the con-

cerned quantities are at most O (1) and taking the spacial deriva-

tive ∂ x will not increase the order since there is no internal layer

in bulk. In other words, we have 

ψ , ∂ x ψ , . . . = O (1) , c i , ∂ x c i , . . . = O (1) , J i , ∂ x J i , . . . = O (1) , 

i = 1 , 2 , 3 . (37)

From experiments in the literature and simulations in the next

section, the relevant time scale for the AP generation and electric

discharge is milliseconds (see also the parameter α0 in ( A.5,C.2 )).

It is much smaller than diffusion time scale (at the order of 10 s),

by an order of roughly O ( ε). Therefore, as in a previous work

Cao et al. (2019) , we adopt a new time scale ˆ t = t/ε in the follow-

ing analysis and 

ˆ t ∼ O (1) is the order of interest. The asymptotic
nalysis here is then slightly different from the classical one with

he diffusion time scale. From (17) we get 

ε2 ∂ xx ψ = 

3 ∑ 

k =1 

z k c k + q, x ∈ (0 , a ) ∪ (a, b) ∪ (b, 1) , 

∂ ˆ t c i = −ε∂ x J i = εD i ∂ x ( ∂ x c i + z i c i ∂ x ψ ) , 

x ∈ (0 , a ) ∪ (a, b) ∪ (b, 1) , 

∂ x (σ∂ x ψ + εε∗
r ∂ ˆ t x ψ) = 0 , 1 < x < 1 + L r , (38)

here i = 1 , 2 , 3 . 

The second equation (38) 2 implies that the temporal variation

f c i in bulk is O ( ε), and then each concentration c i remains as the

nitial constant in bulk at leading order. Taking the derivative ∂ x 
n (38) 2 gives 

 ˆ t (∂ x c i ) = −ε∂ xx J i = O (ε) , i = 1 , 2 , 3 . (39)

y initial conditions, we have ∂ x c i = 0 at ˆ t = 0 and hence ∂ x c i =
 (ε) for any ˆ t ∼ O (1) in bulk. As a result, the fluxes are dominated

y the drift term due to the electric field 

 i = −D i ( ∂ x c i + z i c i ∂ x ψ ) = −D i z i c i ∂ x ψ + O (ε) , 

i = 1 , 2 , 3 , in bulk . (40)

imilarly by (28) , together with (40) , the total current in PNP is

ritten as 

 pnp = −ε∂ ˆ t x ψ + 

3 ∑ 

i =1 

z i J i 

= −
3 ∑ 

i =1 

D i z 
2 
i c i ∂ x ψ + O (ε) , in bulk , (41)

here 
∑ 3 

i =1 D i z 
2 
i 

c i can be interpreted as an effective conductance

or PNP system (compared with σ in Maxwell model (8) for resis-

or). Near the junctions x = 0 , 1 , the term ε∂ ˆ t x ψ in the total cur-

ent I pnp in (41) becomes significant. Since the ionic fluxes are zero

t two ends of the electrocyte by (25) , we obtain from (41) that 

 pnp = −ε∂ ˆ t x ψ, at x = 0 , 1 . (42)

Initially, ∂ x ψ = 0 , and there is no current and no BLs at x = 0 , 1 .

ut during dynamics with nonzero total current, the quantity ∂ ˆ t x ψ
ecomes significant near x = 0 , 1 , leading to large ∂ x ψ and BLs.

n BL, the large ∂ x ψ will be balanced by ∂ x c i , by noting J i = 0 at

 = 0 , 1 . Across the BL from the bulk to the junctions x = 0 , 1 , the

ajor contribution of I pnp changes from ionic fluxes in (41) to the

erm ε∂ ˆ t x ψ in (42) . 

Suppose the maximum scale of the total current is O ( δ), i.e., 

 pnp = I r = I ∗( ̂ t ) ∼ O (δ) . (43)

y (41) , we can also consider δ as the maximum scale of ∂ x ψ 

n bulk regions of electrocyte during the dynamic process. By the

efinition of total current I r in resistor, we may interpret δ as

= max { ε, σ } , and we assume 

 (ε) ≤ O (δ) ≤ O (1) . (44)

ased on estimates of previous work on the open circuit

ao et al. (2019) , the individual fluxes across membranes are

O (1) (e.g., the fluxes are ∼ 0 . 01 − 0 . 1 in Fig. 7 therein), so this

ssumption in (44) is consistent with the scale of membrane cur-

ents. In BLs near x = 0 , 1 , the variation of ψ is also estimated as

 ( δ). 

In the following, we set ε∗
r = O (1) , L r = O (1) and treat ε as a

xed small parameter. Then the problem depends on the scale of

, leading to different cases as in the next subsections. 
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Fig. 3. The BLs and differences in electric potential. 
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.1. Open circuit 

The case of open circuit in Cao et al. (2019) can be recovered

ith 

≤ O (ε) , (45) 

hich is a resistor with large resistance (or approximately an in-

ulator). 

We take the junction x = 1 for illustration. By the definition

28) and the condition (32) at x = 1 , in the new time scale we get

I ∗( ̂ t ) = ε∂ ˆ t x ψ(1 −, ̂  t ) = εε∗
r ∂ ˆ t x ψ(1+ , ̂  t ) + σ∂ x ψ(1+ , ̂  t ) . (46)

y (35) , the electric field is spatially uniform in resistor, and we

ave 

 x ψ (1+ , ̂  t ) = 

ψ (1 + L r , ̂  t ) − ψ(1+ , ̂  t ) 

L r 
= −ψ (1+ , ̂  t ) 

L r 
= O (1) . 

(47) 

ubstituting ( 47,45 ) into (46) leads to 

I ∗ = ε∂ ˆ t x ψ(1 −, ̂  t ) = O (ε) + O (σ ) = O (ε) , (48)

hich implies δ = ε in (44) . Therefore the total current is negligi-

ly small, as in the open circuit case. 

For the open circuit case in Cao et al. (2019) , the boundary

ondition ∂ x ψ = 0 at x = 1 was imposed as an ideal case from

he perspective of symmetry in the middle of EC space. When

he electrocyte is connected to a resistor (or an insulator), this is

ot exactly true, and the above estimate (48) and Eq. (46) imply

 x ψ(1 −, ̂  t ) = O (1) . However, we have two observations. First, there

s a tiny BL near the junction x = 1 , where the variation of ψ is

mall at order O ( ε) since the thickness of BL is O ( ε). As a result,

he variation or BL near x = 1 can be neglected. Second, in the bulk

egion just away from the BL near x = 1 , we get 

 x ψ = O (I ∗) = O (ε) . (49)

ssentially, we have ∂ x ψ = 0 or constant ψ in bulk, which is the

ypical feature in the open circuit case. 

.2. Closed circuit with finite total current 

In the situation when the electric eel attacks the prey, the

quivalent mini-resistor has a conductance much larger than O ( ε).

e consider the case of a common closed circuit with 

	 σ ≤ O (1) , (50) 

hich will induce finite current of O ( δ) ~ O ( σ ) in (44) . The BLs and

ifferences in electric potential (voltage) are illustrated in Fig. 3 .

nlike the open circuit case, the variation V BL 
1 in BL near x = 1 is

ot negligible, as the total current is no longer small. The voltage

rops will be studied one by one. 

First, in the resistor, by (46) at leading order, we get 

I ∗( ̂ t ) = σ∂ x ψ(1+ , ̂  t ) . (51)

hen, by the uniform electric field in (35) for the resistor system,

e get 

 r = ψ(1 , ̂  t ) − ψ(1 + L r , ̂  t ) = 

L r 
I ∗( ̂ t ) . (52)
σ

hich can also be derived from ( 35,36 ) as leading approximation. 

Second, we consider the voltage drops in bulk regions. Since

t is shown below (38) that the variation of c i is O ( ε), we treat

he concentrations in bulk as constants, denoted by c iI and c iE 
 i = 1 , 2 , 3 ) for the IC and EC spaces. Then we define the two ef-

ective conductances as 

σI = 

3 ∑ 

i =1 

D i z 
2 
i c iI x ∈ (a, b) , 

E = 

3 ∑ 

i =1 

D i z 
2 
i c iE x ∈ (0 , a ) ∪ (b, 1) . (53) 

ogether with ( 41,43 ), we get 

σI ∂ x ψ = I ∗, x ∈ (a, b) , (54)

hich gives difference in electric potential from a to b 

 ab := ψ 

b 
L − ψ 

a 
R = 

a − b 

σI 

I ∗, (55)

here and hereafter subscripts L, R denote the left-side and right-

ide limits of bulk quantities (not in BL). Similarly, we have 

 0 a := ψ 

a 
L − ψ 

0 
R = − a 

σE 

I ∗, V b1 := ψ 

1 
L − ψ 

b 
R = 

b − 1 

σE 

I ∗. (56)

Next, we examine the membrane potentials at x = a, b. By defi-

ition (28) in the new time scale ˆ t and with (43) , we have 

ε∂ ˆ t x ψ + 

3 ∑ 

i =1 

z i J i = I ∗( ̂ t ) . (57)

hen at x = a, b and by using ( 19,22 ), we get 

C m 

ε
∂ ˆ t V 

a 
m 

= I VG 
1 + I VG 

2 + I VG 
3 + I R 1 + I R 2 + I Kir 

2 + I ∗

C m 

ε
∂ ˆ t V 

b 
m 

= −
3 ∑ 

i =1 

(I b i + I pump 
i 

) + I ∗. (58) 

he factor 1/ ε appears because we adopted a new time

cale. It is estimated by BL analysis in Song et al. (2018b) ;

ao et al. (2019) that the variation of ψ in BLs near membranes

s small. In deriving the above equation (58) including the defi-

ition of the total current I ∗ in Section 2.4 , no approximation (like

lectro-neutrality condition) is made, in other words it is exact and

erived from the PNP system. 

As first approximation, we can replace the membrane potentials

y 

 

a 
m 

≈ ˜ V 

a 
m 

= ψ 

a 
R − ψ 

a 
L , V 

b 
m 

≈ ˜ V 

b 
m 

= ψ 

b 
L − ψ 

b 
R . (59)

y keeping high-order terms, a more accurate approximation is

iven by 

 

a 
m 

= 

˜ V 

a 
m 

f c , V 

b 
m 

= 

˜ V 

b 
m 

f c 

f c = 1 − C m 

ε

( 

1 √ 

c 1 I + c 2 I + c 3 I 
+ 

1 √ 

2 c 3 E 

) 

+ o(C m 

/ε) , (60) 
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where f c is a fixed correction factor. The membrane currents in

(58) involve membrane potentials and concentrations, given by for-

mulas in Appendix A . In these formulas, we can use the bulk mem-

brane potentials ˜ V a m 

, ̃  V b m 

and bulk concentrations as first approxi-

mations. To be consistent with (60) , similar high-order approxima-

tions for concentrations are 

c a i, − = c iE 

( 

1 − C m 

ε

z i ̃  V 

a 
m √ 

2 c 3 E 

) 

, c a i, + = c iI 

(
1 + 

C m 

ε

z i ̃  V 

a 
m √ 

c 1 I + c 2 I + c 3 I 

)
, 

c b i, − = c iI 

(
1 + 

C m 

ε

z i ̃  V 

b 
m √ 

c 1 I + c 2 I + c 3 I 

)
, c b i, + = c iE 

( 

1 − C m 

ε

z i ̃  V 

b 
m √ 

2 c 3 E 

) 

. 

(61)

The derivation of 59 –(61) is given in Appendix D . 

Remark: For the formulas of currents I VG 
i 

, I Kir 
2 

and I b 
i 

in ( A .8) 1,2,4 ,

the O ( C m 

/ ε) corrections in ( 60,61 ) cancel each other, therefore the

first approximations with bulk values are as accurate as those with

( 60,61 ). This is consistent with the fact ( Song et al., 2018a ) that the

electro-chemical potential is constant (with error O ( ε) 	 O ( C m 

/ ε))

across the BL. The formulas I b 
i 

in ( A .8) 3 and I R 1 in ( A .4, A .5 ) are

slightly different with corrections in ( 60,61 ). 

Finally we study the BLs at x = 0 , 1 and the differences in elec-

tric potential V BL 
0 and V BL 

1 . For BL at x = 1 , we get at leading order

(see derivation in Appendix D ) 

ε∂ x ψ(1 −, ̂  t ) = 

√ 

2 c 3 E (e V 
BL 

1 / 2 − e −V BL 
1 / 2 ) , (62)

where 

 

BL 
1 = ψ 

1 
− − ψ 

1 
L = ψ (1 −, ̂  t ) − ψ 

1 
L . (63)

Using the total current (46) at x = 1 , we obtain 

∂ ˆ t 

[ √ 

2 c 3 E 
(
e V 

BL 
1 / 2 − e −V BL 

1 / 2 
)] 

= −I ∗, (64)

which is equivalent to (
e V 

BL 
1 / 2 + e −V BL 

1 / 2 
)√ 

c 3 E 
2 

∂ ˆ t V 

BL 
1 = −I ∗. (65)

Similarly V BL 
0 

follows the same equation, and hence V BL 
0 

= V BL 
1 

. 

Finally, by the closed circuit (see Fig. 3 ), we get the equation for

I ∗, 

 

BL 
0 + V 0 a + 

˜ V 

a 
m 

+ V ab − ˜ V 

b 
m 

+ V b1 + V 

BL 
1 = V r , (66)

which, by substituting ( 52,55,56 ), leads to 

˜ 
 

a 
m 

− ˜ V 

b 
m 

+ 2 V 

BL 
1 = 

(
L r 

σ
+ 

b − a 

σI 

+ 

1 − (b − a ) 

σE 

)
I ∗. (67)

3.3. The ODE model 

We summarize the system from the preceding subsection,

called ODE model here. Now we convert the time scale from 

ˆ t back

to diffusion time scale t , and the ODE model reads 

−C m 

f c 
d 

dt 
˜ V 

a 
m 

= I VG 
1 + I VG 

2 + I VG 
3 + I R 1 + I R 2 + I Kir 

2 + I ∗

C m 

f c 
d 

dt 
˜ V 

b 
m 

= −
3 ∑ 

i =1 

(I b i + I pump 
i 

) + I ∗, 

C BL 
d 

dt 
V 

BL 
1 = −I ∗, 

˜ 
 

a 
m 

− ˜ V 

b 
m 

+ 2 V 

BL 
1 = 

(
L r 

σ
+ 

b − a 

σI 

+ 

1 − (b − a ) 

σE 

)
I ∗, (68)

where σ I , σ E are given in (53) , C m 

is membrane capacitance and 

 BL = ε
(
e V 

BL 
1 / 2 + e −V BL 

1 / 2 
)√ 

c 3 E 
2 

(69)
s the “capacitance” of the BL near the junction x = 1 . Note that

he capacitance C BL describes the effect of accumulation of ions

ear the junction, and unlike the membrane capacitance it is not

 constant. The factor f c is given in (60) , and if we adopt the first

pproximation we get f c = 1 , which implies the bulk membrane

otentials ˜ V a m 

, ̃  V b m 

are considered the same as exact membrane po-

entials V a m 

, V b m 

. 

Now we compared with the intuitive mini circuit model in

ection 2.1 . The specific forms of various currents in (68) for elec-

rocyte are adopted to represent I channel in (1) , and the resistance

s R = L r /σ in this 1D case. There are only two differences: (1) the

erm V BL 
1 

is added to account for the difference of electric poten-

ial across BL near the junction of electrocyte and resistor, (2) the

oltage drops in IC and EC spaces are added on the right-hand side

f (68) , where the terms (b − a ) / σI and [1 − (b − a )] / σE are inter-

reted as the internal resistances of the IC and EC spaces of elec-

rocyte. We note that I ∗ is often interpreted as the total current

nd used as a bifurcation parameter in the literature (e.g., the HH

odel). Here, we have verified this physical interpretation of the

otal current by clearly defining the total current in the PNP sys-

em and the closed circuit. 

Remark: For the ODE model of an open circuit, we set I ∗ = 0

nd σ = 0 , and remove the last two equations in (68) . This recov-

rs the model in Cao et al. (2019) , and can be used to capture the

igh voltage generation 

˜ V a m 

− ˜ V b m 

. 

.4. The macroscopic circuit model 

We first present a formal analysis based on superposition prin-

iple, to get an idea of the connection between macroscopic circuit

nd the mini circuit. Then, we show the macroscopic circuit model

ased on the ODE model in (68) . 

The electric organ consists of thousands of electrocytes stacked

n series. The stacked electrocytes can be considered as a series of

attery, which provide the total macroscopic voltage V 

macro . When

t is connected to an external resistor with resistance R macro , there

ill be current I macro through the macroscopic circuit. If we envi-

ion it as a Kirchhoff circuit, we get 

 

macro = 

V 

macro 

R 

macro 
. (70)

e use dimensional quantities in the formulation. Assume there

re N electrocytes in the organ, then we write 

 

macro = NV pnp ≈ N(ψ(L, t) − ψ(0 , t)) = NV r , (71)

here ψ is from the PNP system for unit electrocyte structure. We

ssume a simple resistor of regular shape for simplicity, then the

otal resistance is 

 

macro = ρ
L macro 

r 

A r 
, (72)

here ρ = 1 /σ is resistivity (considered as material property),

 

macro 
r is the length of resistor, and A r is cross sectional (con-

act) area. Diving the total resistor into N parts of mini-resistors

 

macro 
r = NL r , we can write 

 

macro = NR, R = ρ
L r 

A r 
= 

L r 

σA r 
, (73)

here L r is the length of mini resistor used in previous formula-

ion. The macroscopic length scale of electric organ is expected to

e the same order as that of the resistor (e.g., the prey or an arm),

hen we expect L r ~ O ( L ) as adopted in previous analysis. Combin-

ng ( 70,71,73 ), we get 

 

macro ≈ V r 

R 

= A r 
V r σ

L r 
= A r I 

∗(t) , (74)

here Eq. (52) is used in last equality. Therefore, the total current

n the macroscopic circuit only differs from the previous I ∗ for mini
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Fig. 4. Numerical results to generate the resting state in step 1; (a) the dynamics of membrane potential V m (b) Distribution of electric potential at resting state. 

Fig. 5. The dynamics of membrane potentials: (a) σ = 0 , (b) σ = 1 ; and voltage difference over the entire electrocyte: (c) σ = 0 , (d) σ = 1 . 
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Fig. 6. The dynamics of various currents and the total current on the two membranes (a) the innervated membrane with σ = 0 , (b) the non-innervated membrane with 

σ = 0 , (c) the innervated membrane with σ = 1 , (d) the non-innervated membrane with σ = 1 , where I E means the induced current −ε2 ∂ tx ψ . 

 

 

 

 

 

 

 

 

 

 

e  

s

N  

A  

j  

c

−

circuit by a factor of contact area, which makes sense since a 1D

formulation was adopted. 

To examine more closely, we find that approximation in (71) is

not so accurate, since the BLs at the junction between electro-

cyte and resistor are repeatedly counted. For stacked electrocytes,

the connection between the electrocytes is different from the con-

nection between electrocyte and resistor. There is no change of

forms of currents, the conditions would be continuities of electric

potential, concentrations, and fluxes, instead of the condition (9) .

There will be no BL at connection of electrocytes in EC space, and

the two BLs related with V BL , V BL only appear at junctions at far
0 1 
nd. Based on the previous ODE model, the last algebraic equation

hould be replaced by 

 ̃

 V 

a 
m 

− N ̃

 V 

b 
m 

+ 2 V 

BL 
1 = N 

(
L r 

σ
+ 

b − a 

σI 

+ 

1 − (b − a ) 

σE 

)
I ∗. (75)

s N ~ O (10 3 ), by dividing N , the above term V BL 
1 /N or the effect of

unction point is negligible. Now we summarize the macroscopic

ircuit model 

C m 

f c 
d 

˜ V 

a 
m 

= I VG 
1 + I VG 

2 + I VG 
3 + I R 1 + I R 2 + I Kir 

2 + I ∗

dt 
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Fig. 7. The profiles of concentrations c i ( i = 1 , 2 , 3 ) for sodium, potassium and chloride, at t = 3 × 10 −5 . 

Fig. 8. The profile of the electric potential ψ at t = 3 × 10 −5 : (a) the whole region, (b) the region for PNP system and BLs. 
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C m 

f c 
d 

dt 
˜ V 

b 
m 

= −
3 ∑ 

i =1 

(I b i + I pump 
i 

) + I ∗, 

˜ V 

a 
m 

− ˜ V 

b 
m 

= 

(
L r 

σ
+ 

b − a 

σI 

+ 

1 − (b − a ) 

σE 

)
I ∗, (76) 

here the quantities C m 

, f c , σ E , σ I are the same as in (68) and the

D total current is I macro = A r I 
∗ by (74) . 

This model justifies the circuit models in the literature. In early

tudies Bennett (1970, 1961) , equivalent electric circuits with same

tructure as (76) 3 were adopted to study the electric organs and

lectrosensory systems. Also, recent experimental studies ( Catania,

017a; 2017b; 2016 ) adopted similar equivalent circuit as (76) 3 to

tudy the electric discharge with leaping bahaviour of eels, where

he electric organ is modelled as the electromotive force with in-

ernal resistance. 

Here we emphasize the coupling of dynamics of membrane po-

entials (76) 1,2 with the circuit equation (76) 3 . First, detailed terms

or currents from various mechanisms are incorporated into the

ystem, and the conductances in these currents and other param-

ters will play an important role in the magnitude and pattern of

he total current, which are possibly related to different biologi-

al behaviors of eels. Second, some experimental works ( Catania,

017a; 2017b; 2016 ) often adopt the single circuit equation (76) 3 
o illustrate the phenomenon. However, unlike the real battery that
ives constant voltage, the electrocytes provide a dynamic voltage.

s shown in later simulations, the maximum voltage during the

ynamics varies a lot with different resistances of the external re-

istor. It means that we should distinguish the cases of insulator

maximum voltage reported) and conductor (maximum current re-

orted) for the external resistor. 

. Numerical results 

In this section, we present the numerical results of the

NP+resistor system and the ODE models. Comparison between the

wo models are made, and the features different from open circuit

ill be demonstrated. Then, we interpret the results to estimate

he current for the macroscopic circuit. 

.1. PNP+Resistor model 

In this subsection, we present numerical results for the dimen-

ionless PNP+resistor model in Section 2.3 . The formulas for the

embrane currents in Appendix A are used, including I b 
i 

in ( A .8) 3 .

e set L r = 4 for illustration. We simulate it in two steps. First,

e generate the resting (equilibrium) state for the electrocyte by

etting σ = 0 and I R 1 = I ∗1 = 0 in ( 19,A.4 ), when the receptors are

losed. Second, we simulate the dynamic processes for both the
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Fig. 9. Comparison of results with GHK and HH models of I b 
i 

in ( A .8) 3 and ( A .8) 4 for the case σ = 1 : (a) membrane potentials, (b) the total current. 

Fig. 10. Comparison of dynamics of two membrane potentials between ODE model (dashed lines) and PNP+resistor model (solid lines): (a) σ = 0 , (b) σ = 1 . 
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V

V  
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i  
open circuit ( σ = 0 ) and the closed circuit ( σ = 1 ) cases, where the

receptors are open to induce APs. 

Since there are BLs near the membranes and the junctions be-

tween electrocyte and resistor, refined mesh are adopted in these

regions to capture the profiles of concentrations and the electric

potential. More precisely, we set a nonuniform mesh with mesh

size 	x = 3 . 0 × 10 −3 in the bulk region, which is gradually refined

to 	x = 1 . 7 × 10 −6 in BLs near x = 0 , a, b, 1 . 

Fig. 4 (a) shows the dynamics of the two membrane potentials

 

a 
m 

and V b m 

, which reach the resting state soon, where the net cur-

rent across the membrane is 0. The resting potentials are calcu-
c  
ated as 

 

a 
m 

| t=5 ×10 −4 = ψ 

a 
+ − ψ 

a 
− = −3 . 2443 , 

 

b 
m 

| t=5 ×10 −4 = ψ 

b 
− − ψ 

b 
+ = −3 . 2414 , (77)

nd before scaling they are about −84 mV. Fig. 4 (b) presents the

rofile of electric potential at time t = 5 × 10 −4 . It shows that the

lectric potential ψ is a constant in the bulk regions, and there are

Ls on both sides of the membranes. 

Starting from the resting state, ACh receptors are activated at

he innervated membrane x = a, generating extra flux for sodium

on, thereby inducing an AP. We compare the two cases of open

ircuit with σ = 0 and closed circuit with σ = 1 . Fig. 5 shows
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Fig. 11. (a) Comparison of the total current I ∗ between the ODE model (dashed line) and the PNP+resistor model (solid line) with σ = 1 (b) dependence of maximum total 

current I max on σ by the ODE model. 

Fig. 12. (a) Comparison of Dynamics of the total current I ∗ between the macroscopic circuit model and the mini circuit model, (b) dependence of maximum total current 

I max on σ by the macroscopic circuit model (c) dependence of maximum voltage V max across one electrocyte on σ by the macroscopic circuit model. 
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C  

a  

n  

i  

t  

i  

cuit. 
he dynamics of membrane potentials V a m 

, V b m 

, and the total volt-

ge (electric potential) difference over the entire electrocyte for

he two cases. Fig. 5 (a) recovers the result of open circuit in

ao et al. (2019) ( σ = 0 ). It shows that an AP is generated at the

nnervated membrane from the curve of V a m 

, whereas the mem-

rane potential V b m 

at the non-innervated membrane stays at the

esting potential. Fig. 5 (b) shows that APs are generated at both

he innervated membrane and non-innervated membrane, induced

y the current in the closed circuit. Figs. 5 (c) and 5 (d) show the to-

al voltage difference over the entire electrocyte for the open and

losed circuits, respectively. It can be seen that the built-up of elec-

ric potential in the closed circuit is less significant than that of

he open circuit, and the maximum voltage difference for σ = 1 is

oughly 1/10 of that for σ = 0 . 

The various currents and the total current on the two mem-

ranes are depicted in Fig. 6 for both cases σ = 0 and σ = 1 . For

he open circuit with σ = 0 , Figs. 6 (a) and 6 (b) show the mem-
rane currents on the right-hand side of (19) , which are the same

s those in Figs. 7 (a) and 7(b) in Cao et al. (2019) . The difference is

hat the total current here on membrane (the same as in the cir-

uit) includes the induced current I E = −ε2 ∂ tx ψ . The induced cur-

ent is also shown in Fig. 6 , and has significant values at certain

ime when V a m 

changes rapidly. With this new definition, the total

urrent is essentially 0 during the dynamics. For the closed circuit

ith σ = 1 , the currents on the right-hand side of (19) , the in-

uced current and the total current are shown in Figs. 6 (c) and

 (d) respectively for innervated and non-innervated membranes.

ompared with the case σ = 0 , the scale of membrane currents

t innervated membrane are similar, but the total current is sig-

ificant, i.e., at the order O (0.1). Since an AP is induced at non-

nnervated membrane in Fig. 5 (b), the induced current and the to-

al current there in Fig. 6 (d) are also significant. The total current

n Figs. 6 (c) and 6 (d) are the same, since it is preserved in the cir-
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Fig. 13. (a) The dependence of maximum total current on the parameter τ , (b) the dependence of maximum voltage difference across one electrocyte on τ , (c) the depen- 

dence of t ∗Imax on τ , (d) the dependence of t ∗V max on τ . 
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Next, we present the profiles of concentrations and the elec-

tric potential for the case of the closed circuit at t = 3 × 10 −5 (see

Cao et al. (2019) for the case of the open circuit). Fig. 7 shows the

profiles of concentrations c i ( i = 1 , 2 , 3 ) for sodium, potassium and

chloride. It shows that the concentrations are constants in bulk

regions, and there are BLs near membranes x = a, b and junction

points x = 0 , 1 . The thickness of BLs is O ( ε), and the variations in

BLs near membranes are small (at order O ( C m 

/ ε)) while the varia-

tions are significant (at order O (1)) in BLs near junctions with re-

sistor. These features are consistent with previous results in anal-

ysis. Fig. 8 shows the profile of the electric potential ψ . Fig. 8 (a)
hows that ψ behaves as a linear function in bulk, indicating a fi-

ite current in the circuit. Fig. 8 (b) shows the BLs near membranes

nd junctions with resistor. Similar to the concentrations, the fea-

ures of BLs agree with the analysis and estimates in Section 3 . The

Ls near junction x = 0 , 1 appear because finite current is passed

o the resistor through the term ∂ tx ψ . 

Finally, we test the effect of different empirical models for cur-

ents I b 
i 

through the non-innervated membrane. Instead of the

oldman-Hodgkin-Katz (GHK) formulas ( A .8) 3 , we adopt an alter-

ative HH type model in ( A .8) 4 . Fig. 9 compares the dynamics of

he membrane potentials and the total current with GHK and HH
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Fig. 14. The dynamics of total current, membrane potentials, and voltage across the electrocyte for two values of τ : (a)-(c) for τ = 0 . 2 × 10 −4 and (d)-(f) for τ = 1 × 10 −4 . 
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l  
odels. They show similar profiles, revealing that the choice of

mpirical models has limited impact on the results. 

.2. The ODE model 

In this subsection, we present the numerical results of the

DE models in ( 68,76 ). For validation, we compare the results of

68) with those in the preceding subsection. In addition, with the

esults from (76) , we give an estimate for the total current in the

acroscopic circuit. 

Fig. 10 shows the dynamics of the two membrane potentials for

oth cases σ = 0 and σ = 1 , where the solid lines are from the

revious PNP model and dashed lines are from the ODE model in

68) . The errors are small and the main features of the dynamics

re captured. 

Fig. 11 (a) compares the dynamics of the total current for the

ase σ = 1 between the ODE model (in dashed lines) and the PNP

odel (in solid lines). The error is negligible and the maximum

otal current during dynamics is about 0.14. Fig. 11 (b) shows the

ependence of the maximum total current I max on the parameter

, simulated by the ODE model. It shows that the maximum total

urrent I max increases as the conductance σ increases. The total

urrent for the case σ = 0 is omitted here, since it is essentially 0

uring dynamics. 

Next, we give an estimate of the scale of the macroscopic to-

al current and total voltage. Fig. 12 (a) shows the dynamics of

he total current by the ODE model in (76) with σ = 1 for the

acroscopic circuit, compared with that in Fig. 11 (a) for the mini-

ircuit. It shows similar trend, and gives the dimensionless max-

mum current value of about 0.15. The dependence of maximum
urrent on parameter σ is presented in Fig. 12 (b), which is similar

o Fig. 11 (b). By the parameter values in Appendix C , we get the

cale for currents I 0 = 118 . 74 C/(s ·m 

2 ) . If the contact area is of or-

er 0.01 m 

2 , then we have the estimate for the dimensional maxi-

um total current (with σ = 1 ) 

 

macro ≈ 0 . 15 × 118 . 74 × 0 . 01 ≈ 0 . 18A . (78)

xperiments show the total current is O (0.1) in Amps ( Catania,

017a; 2017b; 2016 ), and the largest value reported in literature

s roughly 1 A. Therefore, the present results are consistent with

he scale of currents in experiments. Fig. 12 (c) shows the voltage

ifference across one electrocyte by varying σ . The scale for volt-

ge is 25.9 mV in Appendix C . When there are approximately 50 0 0

lectrocytes, the total voltage is estimated as 

V 

macro ≈ 0 . 59 × 0 . 0259 × 50 0 0 ≈ 76 . 4 V , σ = 1 , 

V 

macro ≈ 5 . 9 × 0 . 0259 × 50 0 0 ≈ 764 V , σ = 0 . 
(79) 

s the total voltage is often measured in a separate experiment

ith an insulator in the circuit ( Catania, 2016 ), the maximum val-

es of total voltage should be compared with the case of σ = 0 or

elatively small σ . The above scale is consistent with the data in

xperiments ( Catania, 2017a; 2017b; 2016 ). 

.3. Maximum current 

In the previous subsections, we have investigated in details of

wo special cases: open and closed circuits where either current or

oltage across the electrocyte is small. In the case of a closed cir-

uit, both membrane depolarizes, and as a result the voltage is not

arge. In the case of an open circuit, which can be considered as
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the case when conductance is zero, only one membrane depolar-

izes which leads to a large voltage across the electrocyte but with

no current generated. An interesting question is, therefore, whether

it is possible to obtain a large voltage drop across the electrocyte

with a large current. 

In this section, we investigate the case when the contact be-

tween the eel and the prey is not made at the beginning and study

the effect of the timing when the contact is made. From modeling

point of view, this means that the conductance is a piecewise con-

stant: σ = 0 for t < τ and σ = 1 for t ≥ τ for some τ . Figs. 13 (a)

and 13 (b) show the maximum current and the maximum voltage

difference (across one electrocyte) for various values of τ . It can

be seen that both the maximum current and maximum voltage are

significantly increased at about τ = 0 . 2 × 10 −4 . The maximum cur-

rent gradually decreases to 0 by further increase of τ whereas the

maximum voltage stays as a constant. 

This can be explained by the time delay between t ∗
Imax 

and t ∗
V max 

when the maximum values of current and voltage are achieved for

certain values of τ , as shown in Figs. 13 (c) and 13 (d). The two

special cases with constants σ = 1 and σ = 0 correspond to the

extreme cases when τ = 0 and τ is relatively large (e.g., τ = 3 ×
10 −4 in Fig. 13 ). The maximum voltage is small for τ = 0 while

the maximum current is small for large τ . On the other hand, for

some intermediate values of τ , both large current and voltage can

be obtained. Fig. 14 show the dynamics of the current, membrane

potentials, and voltage across one electrocyte for two intermediate

values of τ . In Fig. 14 (a-c), with τ = 0 . 2 × 10 −4 , both maximum

current and voltage are large and both are achieved at t = τ . In

Figs. 14 (d-f), with τ = 1 × 10 −4 , the maximum current occurs at

 = τ while the maximum voltage occurs at about t = 0 . 2 × 10 −4 . 

5. Conclusions 

In this paper, we have studied the electric discharge of electro-

cytes in electric eels. We focus on a model for a single electrocyte

and a complete formulation is provided, including the Poisson-

Nernst-Planck (PNP) system for the EC and IC spaces, various cur-

rents on membranes and Maxwell’s formulation for the resistor.

Using asymptotic analysis, we have derived simplified system with

the PNP system replaced by ordinary differential equations (ODEs)

that involves the dynamics of two membrane potentials and pre-

serves the total current in the closed electric circuit. The features

and estimates in our analysis have been validated in numerical re-

sults of both PNP and ODE models. On the organ scale, a macro-

scopic circuit model is also derived based on the single electrocyte

model, which justifies the circuit models in the literature. Our es-

timate of the total current is consistent with the values reported

in various experiments. 
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ppendix A. Formulas for currents on membranes 

At the innervated membrane x = a, the currents through the

oltage-gated channels (positive from intracellular region to extra-

ellular region) are given by the HH model ( Malmivuo and Plonsey,

995; Hodgkin and Huxley, 1990 ) 

 

VG 
i = G i (V 

a 
m 

− V 

a 
i ) = G i 

(
ψ 

a 
+ − ψ 

a 
− − k B T 

z i e 0 
ln 

c a 
i, −

c a 
i, + 

)
, i = 1 , 2 , 3 , 

(A.1)

here V a 
i 

are the Nernst potentials for ion species c i defined by the

ast term in brackets, G i are the conductances and given by Xu and

avan (2008) 

 1 ≡ ḡ Na m 

3 h + ḡ Na,leak , G 2 ≡ ḡ K n 

4 + ḡ K,leak , G 3 ≡ ḡ Cl , (A.2)

here ḡ Na , ̄g K , ̄g Cl , ̄g Na,leak , ̄g K,leak are constants, and m, h, n are the

ating variables whose dynamics depend on the membrane poten-

ial V a m 

(see Appendix B ). The current from Kir channel is given by

u and Lavan (2008) and Nygren et al. (1998) 

 

Kir 
2 = 

ḡ Kir (V 

a 
m 

− V 

a 
2 ) 

1 + e 
n 1 F 

RT (V 
a 

m −V a 
2 
+ n 2 ) 

, (A.3)

here ḡ Kir is the maximum conductance, and n 1 and n 2 are the

wo parameters. There are currents I R 1 and I R 2 for Na + and K 

+ 

hrough receptors, but only the total current of the two are mea-

ured experimentally ( Chakrapani et al., 2004; Adams, 1981; Mitra

t al., 2005 ) and previous work ( Cao et al., 2019 ) showed that only

he total current matters and there is little difference for different

ombinations of the two currents. We set ( Cao et al., 2019 ) 

 

R 
1 = I ∗1 , I R 2 = 0 , (A.4)

here I ∗
1 

is given by Sheridan and Lester (1977) , Magleby and

tevens (1972) , Xu and Lavan (2008) 

 

∗
1 = 

[ A ] 2 ḡ R e 
−αt 

[ A ] 2 + 2[ A ] k −2 

k +2 
+ 

k −1 k −2 

k +1 k +2 

(V 

a 
m 

− V 0 ) , 2 k −2 = α = α0 e 
V a m 
V 1 , (A.5)

here [A] is the concentration of agonist, ḡ R is the conductance

nd V 0 , V 1 , α0 are parameters. 

At the non-innervated membrane x = b, we consider two

ases for the currents through the channels. First, as in pre-

ious work Cao et al. (2019) , the current is described by the

oldman-Hodgkin-Katz (GHK) model Xu and Lavan (2008) and

ille et al. (2001) 

 

b 
i = P i z 

2 
i 

V 

b 
m 

F 2 
(

c b 
i, − − c b 

i, + e 
− z i F 

RT V 
b 

m 

)
RT (1 − e −

z i F 

RT V 
b 

m ) 
, i = 1 , 2 , 3 , (A.6)

here P i are the permeabilities. Second, the current is described

y the HH-type model 

 

b 
i = G 

b 
i (V 

b 
m 

− V 

b 
i ) = G 

b 
i 

(
ψ 

b 
− − ψ 

b 
+ −

k B T 

z i e 0 
ln 

c b 
i, + 

c b 
i, −

)
, i = 1 , 2 , 3 , 

(A.7)

here G 

b 
i 

are fixed conductances. The pumps I 
pump 
i 

are set as 0

n the simulation, since they have little impact on the fact AP dy-

amics and electric discharge. It restores the equilibrium state over

 much longer timeframe. 

The associated dimensionless formulas are given by 

I VG 
i = G i 

(
V 

a 
m 

− 1 

z i 
ln 

c a 
i, −

c a 
i, + 

)
, V 

a 
i = 

1 

z i 
ln 

c a 
i, −

c a 
i, + 

 

Kir 
2 = 

ḡ Kir (V 

a 
m 

− V 

a 
2 ) 

1 + e n 1 (V 
a 

m −V a 
2 
+ n 2 ) , 
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I b i = P i z 
2 
i 

V 

b 
m 

(
c b 

i, − − c b 
i, + e 

−z i V 
b 

m 

)
(1 − e −z i V 

b 
m ) 

, 

I b i = G 

b 
i (V 

b 
m 

− V 

b 
i ) , V 

b 
i = 

1 

z i 
ln 

c b 
i, + 

c b 
i, −

(A.8) 

nd I ∗1 remains the same form. 

All the dimensional and dimensionless parameters in the for-

ulas are given in Appendix C . 

ppendix B. The dynamic system of m, n, h 

The dynamic system of m, n, h is 

dn 

dt 
= αn (1 − n ) − βn n, 

dm 

dt 
= αm 

(1 − m ) − βm 

m, 

dh 

dt 
= αh (1 − h ) − βh h. (B.1) 

he coefficients are given by 

αn = 2 . 38 × 10 

3 · e 
V a m +0 . 0163 

0 . 0472 , βn = 1 . 71 × 10 

3 · e −
V a m +0 . 0164 

0 . 0184 

m 

= 2 . 64 × 10 

4 · e 
V a m +0 . 0618 

0 . 0295 , βm 

= 2 . 59 × 10 

4 · e −
V a m +0 . 0618 

0 . 0242 

αh = 1 . 08 × 10 

3 · e −
V a m +0 . 0545 

0 . 00784 , 

βh = 1 . 49 × 10 

3 / (0 . 0745 + e −
V a m +0 . 0545 

0 . 0129 ) , (B.2) 

here V a m 

are dimensional values in unit Volt, and αi and β i ( i =
, m, h ) are dimensionless parameters already scaled by diffusion

ime scale. With V a m 

= −0 . 084 V, we obtain the steady state solu-

ion 

 0 = 0 . 008458 , m 0 = 0 . 1622 , h 0 = 0 . 9967 , (B.3)

hich are used as initial values in simulations of electric discharge.

ppendix C. The parameters and data 

The data are mainly from Hodgkin and Huxley (1990) ,

ods et al. (2013) , Sheridan and Lester (1977) , Magleby and

tevens (1972) , and Cao et al. (2019) and the book in Liu and Eisen-

erg (2014) . The constants are 

 B = 1 . 38 × 10 

−23 J/K N A = 6 . 022 × 10 

23 / mol , 

e 0 = 1 . 602 × 10 

−19 C ε0 = 8 . 854 × 10 

−12 C / ( V · m ) , 

T = 300 . 15 K , F = e 0 N A R = k B N A . 

ome typical values are 

εr = 80 , εm 

r = 2 , c 0 = 160 mM = 160 mol / m 

3 , 

 m 

= 5 nm , L = 130 μm , a = 25 μm , b = 105 μm , 

D 0 = 10 

−9 m 

2 / s , D 1 = 1 . 33 D 0 , D 2 = 1 . 96 D 0 , D 3 = 2 . 03 D 0 . (C.1) 

he conductances and parameters in flux formulas are given by 

ḡ Na = 157 mS / cm 

2 = 1570 C / ( V · s · m 

2 ) , 

ḡ K = 320 C / ( V · s · m 

2 ) , ḡ Cl = 0 C / ( V · s · m 

2 ) , 

¯
 Na,leak = 0 . 2761 C / ( V · s · m 

2 ) ḡ K,leak = 31 . 5390 C / ( V · s · m 

2 ) , 

ḡ Kir = 591 C / ( V · s · m 

2 ) , ḡ R = 700 C / ( V · s · m 

2 ) , 

P 1 = 0 , P 2 = 1 . 12 × 10 

−6 m / s , P 3 = 7 . 63 × 10 

−8 m / s , 

G 

b 
1 = 0 , G 

b 
2 = 869 C / ( V · s · m 

2 ) , G 

b 
3 = 2 . 28 C / ( V · s · m 

2 ) , 

n 1 = 1 . 45 , n 2 = −0 . 0630 V , [ A ] = 0 . 1 mol / m 

3 , 

V 0 = 0 , V 1 = 125 . 79 mV , 

α0 = 1 . 67 ms −1 = 1 . 67 × 10 

3 s −1 , 
k +2 = 7 × 10 

6 m 

3 / ( mol · s ) , k −1 /k +1 = 2 × 10 

−2 mol / m 

3 . 

(C.2) 

rom the data, we get the scales 

k B T 

e 0 
= 25 . 9 mV , 

L 2 

D 0 

= 16 . 9 s , λD = 1 . 09 × 10 

−9 m , 

G 0 = 4592 . 2 C / ( V · s · m 

2 ) , P 0 = 7 . 69 × 10 

−6 m/s , 

I 0 = 118 . 74 C/(s ·m 

2 ) , σ0 = 0 . 6 / ( · m) . (C.3) 

The constants in dimensionless system are 

ε = 8 . 38 × 10 

−6 , εm 

= 1 . 32 × 10 

−6 , 

h m 

= 3 . 85 × 10 

−5 , a = 0 . 1923 , b = 0 . 8077 , 

D 1 = 1 . 33 , D 2 = 1 . 96 , D 3 = 2 . 03 , q = −0 . 4478 , 

α0 = 2 . 82 × 10 

4 , n 1 = 1 . 45 , n 2 = −2 . 4366 , 

ḡ Na = 0 . 3419 , ḡ K = 0 . 06968 , ḡ Cl = 2 . 18 × 10 

−4 , 

¯
 Na,leak = 6 . 0123 × 10 

−5 ḡ K,leak = 6 . 8679 × 10 

−3 , 

ḡ Kir = 0 . 1287 , ḡ R = 0 . 1524 , V 0 = 0 , V 1 = 4 . 86 , 

[ A ] = 6 . 25 × 10 

−4 , k +2 = 1 . 89 × 10 

7 , 

k −1 /k +1 = 1 . 25 × 10 

−4 , 

P 1 = 0 , P 2 = 0 . 1455 , P 3 = 0 . 009914 , 

G 

b 
1 = 0 , G 

b 
2 = 0 . 01893 , G 

b 
3 = 4 . 9595 × 10 

−4 . (C.4) 

ppendix D. Derivation in Section 3.2 

For derivations of 59 –(61) , we take the membrane at x =
 for example. For EC space, based on the BL analysis in

ong et al. (2018a) (see Eq. (29) therein), we get 

C m 
ε (ψ 

a 
+ − ψ 

a 
−) = −sign (ψ 

a 
L − ψ 

a 
−) 

√ 

2 

∑ 3 
i =1 c 

a 
iL 

(
e z i (ψ 

a 
L 
−ψ 

a −) − 1 

)
. 

(D.1) 

here in this problem we can set the limit values of bulk concen-

rations at membrane as c a 
iL 

= c iE . For the IC space, there is nonzero

ermanent charge q , we can slightly modify the BL analysis. With

 = (x − a ) /ε in BL, we get at leading order 

2 (∂ x ψ) 2 
∣∣

x = a + = (∂ X ψ) 2 
∣∣

X=0 
= 2 

3 ∑ 

i =1 

c a iR 

(
e z i (ψ 

a 
R −ψ 

a 
+ ) − 1 

)
+ 2 q (ψ 

a 
R − ψ 

a 
+ ) , (D.2) 

emoving the square root, setting c a 
iR 

= c iI , and using the condition

22) 1 , we get 

C m 
ε V 

a 
m 

= sign (ψ 

a 
R −ψ 

a 
+ ) 

√ 

2 

∑ 3 
i =1 c iI 

(
e z i (ψ 

a 
R 
−ψ 

a + ) − 1 

)
+ 2 q (ψ 

a 
R 

− ψ 

a + ) . 

(D.3) 

ased on the parameter values, one can easily get 

 

(
C m 

ε

)
∼ 10 

−2 , (D.4) 

hich implies the variations ψ 

a 
R 

− ψ 

a + and ψ 

a 
L 

− ψ 

a − are small and

t the above order, thus 

 

a 
m 

= ψ 

a 
+ − ψ 

a 
− ≈ ˜ V 

a 
m 

= ψ 

a 
R − ψ 

a 
L . (D.5)

y keeping up to O ( C m 

/ ε) terms, i.e., expanding the right-hand side

f ( D.1,D.3 ) together with electro-neutrality, we get 

C m 

ε
V 

a 
m 

= −
√ 

3 ∑ 

i =1 

z 2 
i 
c iE (ψ 

a 
L − ψ 

a 
−) , 

C m 

ε
V 

a 
m 

= 

√ 

3 ∑ 

i =1 

z 2 
i 
c iI (ψ 

a 
R − ψ 

a 
+ ) . 

(D.6) 
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Substituting the valences and by definitions of V a m 

, ̃  V a m 

, we get 

˜ 
 

a 
m 

= V a m 

+ (ψ 

a 
R − ψ 

a 
+ ) − (ψ 

a 
L − ψ 

a 
−) (D.7)

= V a m 

(
1 + 

C m 

ε

1 √ 

c 1 I + c 2 I + c 3 I 
+ 

C m 

ε

1 √ 

c 1 E + c 2 E + c 3 E 
+ o( 

C m 

ε
) 

)
. (D.7)

By using electro-neutrality condition c 1 E + c 2 E = c 3 E , moving the

factor to the left-hand side and keeping the equivalent order at

O ( C m 

/ ε), we obtain (60) . Following a similar procedure, we get the

result for V b m 

in (60) . For formulas in (61) , we take c a 
i, − for example,

others are similarly derived. By the BL analysis, we get 

c a i, − = c a iL e 
−z i (ψ 

a 
−−ψ 

a 
L ) = c iE e 

z i (ψ 

a 
L −ψ 

a 
−) . (D.8)

Combining with ( D.6,D.7 ) and electro-neutrality c 1 E + c 2 E = c 3 E , we

get up to the order O ( C m 

/ ε) that 

c a i, − = c iE 
(
1 + z i (ψ 

a 
L − ψ 

a 
−) 

)
= c iE 

( 

1 − C m 

ε

z i V 

a 
m √ 

2 c 3 E 

) 

= c iE 

( 

1 − C m 

ε

z i ̃  V 

a 
m √ 

2 c 3 E 

) 

. (D.9)

For BL near x = 1 , since fluxes are O (1) in bulk and the fluxes

are 0 at x = 1 , the fluxes are at most O (1) in BL, then there is a

standard BL. This is similar to BL at membranes, and the only dif-

ference is that the variation of ψ is relatively large, i.e., at O (1)

when the total current is finite. With the scaling X = (1 − x ) /ε in

BL and q = 0 in EC space, we get at leading order 

ε2 (∂ x ψ) 2 
∣∣

x =1 − = (∂ X ψ) 2 
∣∣

X=0 
= 2 

3 ∑ 

i =1 

c 1 iL 

(
e −z i (ψ 

1 
−−ψ 

1 
L ) − 1 

)
. (D.10)

By setting c 1 
iL 

= c iE , using definition V BL 
1 

= ψ 

1 − − ψ 

1 
L 

and taking the

square root, we get 

ε ∂ x ψ | x =1 − = sign (V 

BL 
1 ) 

√ 

2(c 1 E + c 2 E )(e −V BL 
1 − 1) + 2 c 3 E (e V 

BL 
1 − 1) 

= sign (V 

BL 
1 ) 

√ 

2 c 3 E (e −V BL 
1 + e V 

BL 
1 − 2) 

= 

√ 

2 c 3 E (e V 
BL 

1 / 2 − e −V BL 
1 / 2 ) . (D.11)
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